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Problem 4.6

Using Equation 4.32 and footnote 5, show that

Y −m
ℓ = (−1)m (Y m

ℓ )∗ .

Solution

Equation 4.32 on page 137 is the formula for the spherical harmonics.

Y m
ℓ (θ, ϕ) =

√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
eimϕPm

ℓ (cos θ) (4.32)

Footnote 5 is on page 135, and it gives the associated Legendre functions if m is negative.

P−m
ℓ (x) = (−1)m

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (x)

Therefore,

Y −m
ℓ (θ, ϕ) =

√
(2ℓ+ 1)

4π

[ℓ− (−m)]!

[ℓ+ (−m)]!
ei(−m)ϕP−m

ℓ (cos θ)

=

√
(2ℓ+ 1)

4π

(ℓ+m)!

(ℓ−m)!
e−imϕ

[
(−1)m

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ)

]

= (−1)m

√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
e−imϕPm

ℓ (cos θ)

= (−1)m

[√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
eimϕPm

ℓ (cos θ)

]∗

= (−1)m [Y m
ℓ (θ, ϕ)]∗ .
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